Math 2552 Practice Problems for Midterm 1

Question 1. (a) Solve the initial value problem

dy
dzx

T xQ(y - 4xy)7

y(0) = 10.

(b) Find an interval in which the initial value problem

(sint)y +ty =2In(t—1), y(2)=1

has a unique solution. You must clear about your reasoning.
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Question 2. Solve the initial value problem

d
(y* + cosz) + (2zy + 2y)£ -

0, y(0)=-2,

and express your solution as an explicit function. In what interval does the solution exist?
The differectiel quation i equivaledt to
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Question 3. In a container with 20 gallon capacity, there is initially 10 gallons of fresh water.
A brine solution containing 0.25 Ib/gal of salt flows into the container at a rate of 4 gal/min.
The solution is kept thoroughly mixed, and the mixture flows out at a rate of 2 gal/min. How

much salt is in the container at the moment it overflows?
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Question 4. Let y(t) denote the population of a certain species of fish (in thousands) in the
sea at time ¢ (in year). In the absence of other factors, assume that y satisfies the logistic

equation:
dy

at =y(4—vy).

(a) In addition to the logistic equation, assume that k (thousands of) fish are consumed by

human beings each year continuously. Write down a new differential equation describing
the fish population in the sea.

(b) If k = 3, find all equilibrium solutions for the new model in (a), and use the phase line
method to determine their stability.

(c) Assume y(0) = 2. For the model in (a), if we do not want the fish to extinct, how big
can k be at most? Explain your reasoning.

(o) . _%{%_,= 8(4’8>—k,
(b) When k=3 _%étf_., ay-y-3 = - (Peaytd) =< (Y-DiY-3)

| P

).

Egulibrium  solurtions. Y= | unstable

U"S aSam‘wbvfm“a 8“13510._

Phose. Line /\

€1y

©. AP a Parﬂ'bOIOk -Faara down  ond samvmdn“c. abot  Y=2.
Some  prssibilivy of phete L

2
& < Y

—

<ﬁ‘\j

/ \ P /\ £

Fsh does not extingt Frsh will extinet -



Fish does not extmet 1L f2y>o0.
4-2-2"-k =o0,

4 -k 2o

kK €4




Page 5 of 5

Question 5. Consider the system of equations

;{1 =2
X = 3 —4 X.
e

(a) Find the general solution of the system. A

(b) Sketch a phase portrait. What is the type of the critical point (0,0)?
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